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Information

e Suppose that we have the source alphabet
of g symbols s, s,,.., s

* For example:

o PRBARIZRI d-f
S= {a,bc ,Z,AB,...Z}
- AN _#ENER
S={0,1}
- —5RUAn bits /K EER= &
S={0,1,2,...,2"-1}

q



Information

DMS (discrete memoryless sources)
- HEMPIEENEEGIRER T LEBUSEH
> 5={s}, s, 5.} each with its probability p(s)=p;.

> p(s) =1

i)

5% How much information do we get when
we receive one of these symbols ?



Information

A function which measures the amount of
information (surprise, uncertainty) of
occurrence of receiving the symbol s; is

|(s) = log, —— =—log, p(s,)
p(s;)



Entropy

* On the average, over the whole alphabet of
symbols s, we will get

Z pilog, (- )
o Conventlonally, we wrlte
Hr(3)=z P |09r(F) =H,(P)
i=1 |

as the entropy of the signaling system S having
symbols s; and probability p..



Entropy

% Example | :
S={51’Sz’53’54} P/=|/2 p,=1/4, ps=p,=1/8.

H(S)= Iog2 2+— 1 |0924+8 I0928+8 log, 8

:£+2 1+3 1+3 l:E—l 75bits
2 2 8 8 8

% Example 2:
$={s}, 52 53 4} P 1= P,= P3= p~1/4.

H(S)=— Iogz4+ Iogz4+ Iog24+ log, 4 = 2bits



Entropy

 Example 3:

Consider the distribution consisting of just

two events. (Bl : #EF4R ) Let p be the
probability of the first symbol (event). Then,
the entropy function is

H,(5)= p logy(17p) + (1- p)logy[1/(1-p)]= H,(P)
e The maximum of H,(P) occurs when p =1/2.

1(s,) =1(s,)=—log,(%)" =log,2=1
H,(S)=21(s)+31(s,)=1




Entropy

H(P)

Hﬂﬁﬁﬁﬁ’]ﬁ?b JEEE’]T&?%M‘EE;H—J ’
HAS) = 1S), HS) &K -




Entropy and Coding

» The entropy supplies a lower
bound on the average code length
L,, for any instantaneous
decodable system.

HZ(S) < I—avg

Hint: q 1 ]
H,(8)=2pilog, () Lo =1,
i=1 i

. is the code Ielngth of s;.



Entropy and Coding

e Example:
e | gEER | 4REE L | 490 2 | 4REE 3 | 4RIE 4
ay 1/2 0 0 0 0
a, 1/4 0 1 10 01
ds 1/8 1 00 110 011
ay 1/8 10 11 111 | 0111
R Ly | 1125 1.25 | 1.75 | 1.875
H,(S)== Iog22+ Iogz4+ I0928+ log, 8 =1.75bits




Entropy and Coding

» Unique decodable codes  ME— &M

Any given sequence of codewords can be
decoded in one, and only one, way.

a,=0

a,=|I Does 100 represent

a;=00 {a, a3} or{a,a,a, ;2
a,=l1



Entropy and Coding

& 4R 1 éﬁzﬁ% URHE 3 | 4RHE 4
dy 0 0 0 0
d, 0 1 10 01
dsy 1 00 110 011
dy 10 11 111 0111
Unique decoded X X \ \
Instantaneous - i, \ X

code
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0 ] 0 1
A 3)
L:(2) H,E,0:(3) L:(2) 0
H:(1)
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E:(1) O:(1)
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R 7.1 FEsE—Ash H BUAHTHELLOGREBAVAE R

Symbol | Count |0921% Code | # of bits used
L 2 1.32 0 2
H 1 2.32 10 2
E 1 2.32 110 3
O 1 2.32 111 3

TOTAL number of bits: 10




(5) (5)

L:(2) H:(1) E:(1) 0:(1)
(a) (b)

7.4 DIEERE- L un E B A B HELLO4RAE T e A4 1Y S N —TE 4R i st



R1.2 BeRe— /5 M B AP HELLOGRES AT E AEAY 559 —4H

GER
Symbol | Count Ioggi Code | # of bits used
L 2 1.32 00 4
H 1 2.32 01 2
E 1 2.32 10 2
O 1 2.32 11 2

TOTAL number of bits: 10
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Huffman Coding Example (1)
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Huffman Coding

ot | EF H%‘;fgga” EE | 4T
A 15 0 1 15
B I 100 3 21
C G 101 3 18
D 0 110 3 18
E 5 111 3 15

421 87 bits




Huffman Coding

Huffman Tree Building Algorithm

1 procedure huffman (var [ : ListPointer ; n . integer);
2 {lis a list of  single node binary trees as described above. }
3 var it : TreePointer

4 i ; integer,

5 begin

6 fori:=1ton—1do {loop -1 times}

7 begin

8 new(t ); [Create a new binary tree}
Q ¢ T. LeftChild = least (1); : [by combining the trees}

{with the two smallest weights}
11 (T, weight 1= rT.LeftC weight + t T.RightChild T.weights ;
12 insert (L,1);
13 end:

14 end; {of huffmanij

least( ) determines a tree
In | with minimum weight

\_ and removes it froml.




Huffman Coding Example (2)

ot | EF H%‘;fé:a” EE | 4T
A 10
B 0
C 4
D 3
E 2

&=t ? bits



Huffman Coding Example (2)

m Implementation

LIST reee

] ;-} =

e ] i

)
m 2 /m /m s
X

10) X X121 X X]16]|X

WEIGHT 25

{a) List of Five Records Poinling to Five Initial Trees of the Huffman Algorithm

LIST e e — — e
J ) ] )
/T1 /TB T3 7
X1 4] X 5 X|10] X X|6]|x
1 ]
T2 T4
X13]|x Xl12|X
WEIGHT 30

(b) List atter Combining Two Trees with Smallest Values



Huffman Coding Example (2)

LIST e X

N

5] x [10] x
% 5
19\ X161 X
ﬁ/ \m
x| alx 5|\
ﬁ_/ T4
x{3]x x|2|x
WEIGHT 79

(c) Final List and Huffman Tree after Repeated Combinings of Values



Huffman Coding Example (2)

ot | EF H%‘;fgga” EE | 4T
A 10 1 1 10
B 0 01 2 12
C 4 000 3 12
D 3 0010 4 12
E 2 0011 4 8
&ET 54 bits

P £ 2.16bits



Huffman Coding Example (3)

A:{aw d,,ds, 8y, a5}
P(a,)=P(a,) =0.2

P(a,)=0.4 3,0.4) 2,(0.4) 2,004 —»a(0.6)
P(a,)=P(a;)=0.1

,(0.2) 402 - ai(0.4) 1 0|  a04)

2,(0.2) a;{n.z)F 00211

a,(0.1) ]im* 2021
a0.1) 41




Huffman Coding Example (3)

a,(0.1) a.(0.1)



Huffman Coding Example (3)

FFE | MR | Hufman | ERR | ST
a, 0.4 1 1 0.4
a, 0.2 01 2 0.4
ay 0.2 000 3 0.6
a, 0.1 | 0010 4 0.4
a: 0.1 | 0011 | 4 0.4

WIS 2.2 bits/symbol




Applications of Huffman Coding
Lossless Image Coumpression

m  Four Test Images
m  Graylevel is 0-255

m Image size s
Sena Sensin 256x256

m  Uncompressed size
IS 65536 bytes

Earth

2013/6/14 E&REE%E %€ Unit 3 Huffman Coding 3%

35



Lossless Image Compression

Compression using Huffman codes on pixel values.

Image Name |Bits/Pixel Total Size (bytes) [Compression Ratio
Sena 6.9 56,533 1.16
Sensin 7.38 60,474 1.27
Earth 4.78 39,193 1.67
Omaha 7 57,356 1.14

Compression Ratio is

_ Number of bits needed for the original signal
Number of bits needed for the compressed signal

C

r
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Lossless Image Compression

Compression using Huffman codes on pixel difference values.

Image Name |Bits/Pixel Total Size (bytes) |Compression Ratio
Sena 3.84 31,472 2.08
Sensin 4.63 37,880 1.73
Earth 3.92 32,136 2.04
Omaha 6.34 51,986 1.26
Let X =X,
Pixel difference valueis X — X



Applications of Huffman Coding

Text compression

TABLE 3.20 Probabilities of occurrence of the letters in the
English alphabet in the U.S. Constitution.

Letter Probability Letter Probability
A 0.057305 N 0.056035
B 0.014876 O 0.058215
C 0.025775 0.021034
D 0.026811 Q 0.000973
E 0.112578 R 0.048819
F 0.022875 S 0.060289
G 0.009523 T 0.078085
H 0.042915 U 0.018474
I 0.053475 \Y 0.009882
J 0.002031 A 0.007576
K 0.001016 X 0.002264
L 0.031403 Y 0.011702
M 0.015892 Z 0.001502




Applications of Huffman Coding

Text compression

Probabilities of occurrence of the letters in the
English alphabet in this chapter.

TABLE 3.21

Letter Probability Letter Probability
A 0.049855 N 0.048039
B 0.016100 O 0.050642
C 0.025835 P 0.015007
D 0.030232 Q 0.001509
E 0.097434 R 0.040492
F 0.019754 S 0.042657
G 0.012053 T 0.061142
H 0.035723 U 0.015794
I 0.048783 V 0.004988
J 0.000394 w 0.012207
K 0.002450 X 0.003413
L 0.025835 Y 0.008466
M 0.016494 Z 0.001050




